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ON THE THEORY OF LORENTZ SURFACES WITH PARALLEL 
NORMALIZED MEAN CURVATURE VECTOR FIELD IN 
PSEUDO-EUCLIDEAN 4-SPACE 


YANA ALEKSIEVA, GEORGI GANCHEV, VELIGHKA MILOUSHEVA 

Abstract. We develop an invariant local theory of Lorentz surfaces in pseudo-Euclidean 
4-space by use of a linear map of Weingarten type. We find a geometrically determined 
moving frame field at each point of the surface and obtain a system of geometric functions. 
We prove a fundamental existence and uniqueness theorem in terms of these functions. 
On any Lorentz surface with parallel normalized mean curvature vector field we introduce 
special geometric (canonical) parameters and prove that any such surface is determined up 
to a rigid motion by three invariant functions satisfying three natural partial differential 
equations. In this way we minimize the number of functions and the number of partial 
differential equations determining the surface, which solves the Lund-Regge problem for 
this class of surfaces. 


1. Introduction 

In pseudo-Euclidean spaces there are two types of surfaces according to their induced 
metric - Riemannian or Lorentz metric. In the present paper we study Lorentz surfaces in 
pseudo-Euclidean space E^. 

Recently, many classihcation results for Lorentz surfaces in pseudo-Euclidean spaces have 
been obtained imposing some extra conditions on the mean curvature vector, the Gauss 
curvature, or the second fundamental form. 

In [15] B.-Y. Chen obtained several classihcation results for minimal Lorentz surfaces in 
indehnite space forms. In particular, he completely classihed all minimal Lorentz surfaces 
in a pseudo-Euclidean space with arbitrary dimension m and arbitrary index s. 

A natural extension of minimal surfaces are quasi-minimal (or marginally trapped) sur¬ 
faces - these are surfaces whose mean curvature vector is lightlike at each point of the 
surface. Quasi-minimal surfaces in pseudo-Euclidean space have been very actively studied 
in the last few years. In [1] B.-Y. Chen classihed quasi-minimal Lorentz hat surfaces in 
E 2 and gave a complete classihcation of biharmonic Lorentz surfaces in E 2 with lightlike 
mean curvature vector. Several other families of quasi-minimal surfaces have also been 
classihed. For example, quasi-minimal surfaces with constant Gauss curvature in E 2 were 
classihed in mm- Quasi-minimal Lagrangian surfaces and quasi-minimal slant surfaces 
in complex space forms were classihed, respectively, in [16] and [19]. The classihcation of 
quasi-minimal surfaces with parallel mean curvature vector in E 2 is obtained in [18]. In [25] 
the classihcation of quasi-minimal rotational surfaces of elliptic, hyperbolic or parabolic 
type is given. For an up-to-date survey on quasi-minimal surfaces, see also [6]. 

A Lorentz surface of an indehnite space form is called parallel if its second fundamental 
form is parallel with respect to the Van der Waerden-Bortolotti connection. Parallel surfaces 
are important in diherential geometry as well as in physics since extrinsic invariants of such 
surfaces do not change from point to point. Parallel Lorentz surfaces in four-dimensional 
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Lorentzian space forms were studied by B.-Y. Chen and J. Van der Veken in [20]. An 
explicit classification of parallel Lorentz surfaces in the pseudo-Euclidean space E 2 , in the 
pseudo-hyperbolic space ]Hl 2 (—1), and in the neutral pseudo-sphere § 2 ( 1 ) given by Chen 
et ah in ng, 0, and [lO], respectively. The complete classification of parallel Lorentz 
surfaces in a pseudo-Euclidean space with arbitrary codimension and arbitrary index is 
obtained in [TT] . 

Another basic class of surfaces in Riemannian and pseudo-Riemannian geometry are 
the surfaces with parallel mean curvature vector field, since they are critical points of some 
natural functionals and play important role in differential geometry, the theory of harmonic 
maps, as well as in physics. Surfaces with parallel mean curvature vector field in Riemannian 
space forms were classified in the early 1970s by Chen [2] and Yau [32] . Recently, spacelike 
surfaces with parallel mean curvature vector field in arbitrary indefinite space forms were 
classified in [7| and [Sj. A complete classification of Lorentz surfaces with parallel mean 
curvature vector field in arbitrary pseudo-Euclidean space E™ is given in [T2| and [22|. A 
survey on classical and recent results concerning submanifolds with parallel mean curvature 
vector in Riemannian manifolds as well as in pseudo-Riemannian manifolds is presented in 


A natural extension of the class of surfaces with parallel mean curvature vector field are 
surfaces with parallel normalized mean curvature vector field. A surface M in a Riemann¬ 
ian manifold is said to have parallel normalized mean curvature vector field if the mean 
curvature vector H is non-zero and the unit vector in the direction of the mean curvature 
vector is parallel in the normal bundle [3] . The condition to have parallel normalized mean 
curvature vector field is weaker than the condition to have parallel mean curvature vec¬ 
tor field. It is known that every surface in the Euclidean 3-space has parallel normalized 
mean curvature vector field but in the 4-dimensional Euclidean space, there exist abundant 
examples of surfaces which lie fully in E^ with parallel normalized mean curvature vector 
field, but not with parallel mean curvature vector field. 

In [3| it is proved that every analytic surface with parallel normalized mean curvature 
vector in the Euclidean space E™ must either he in a 4-dimensional space E^ or in a 
hypersphere of E™ as a minimal surface. Spacelike submanifolds with parallel normalized 
mean curvature vector field in a general de Sitter space are studied in [SUj. It is shown 
that compact spacelike submanifolds whose mean curvature does not vanish and whose 
corresponding normalized vector field is parallel, must be, under some suitable geometric 
assumptions, totally umbilical. 

In the present paper we study the local theory of Lorentz surfaces with parallel normalized 
mean curvature vector field in the pseudo-Euclidean space E^. Our approach to the study 
of these surfaces is based on the introduction of canonical parameters. 

In Section [3] we develop an invariant theory of Lorentz surfaces in E 2 similarly to the 
theory of surfaces in the Euclidean space E^ and the theory of spacelike surfaces in the 
Minkowski space E^. We introduce an invariant linear map 7 of Weingarten-type in the 
tangent plane at any point of the surface, which generates two invariant functions k = det 7 


and ^ “ ~2 — /i: > 0 we introduce principal lines and a geometrically 


determined moving frame field at each point of the surface. Writing derivative formulas 
of Frenet-type for this frame field, we obtain a system of geometric functions and prove a 
fundamental existence and uniqueness theorem, stating that these functions determine the 
surface up to a rigid motion in E^. 

The basic geometric classes of surfaces in E 2 such as quasi-minimal surfaces, surfaces 
with flat normal connection, surfaces with constant Gauss curvature or constant normal 
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curvature, surfaces with parallel mean curvature vector field, etc., are characterized by 
conditions on their geometric functions. 

We focus our attention on the class of surfaces with parallel normalized mean curvature 
vector field. We introduce canonical parameters on each such surface that allow us to 
formulate the fundamental existence and uniqueness theorem in terms of three invariant 
functions. Our main result states that any Lorentz surface with parallel normalized mean 
curvature vector field is determined up to a rigid motion in E 2 by three invariant functions 
satisfying a system of three natural partial differential equations (Theorem 16.Sp . This 
theorem solves the Lund-Regge problem for the class of surfaces with parallel normalized 
mean curvature vector field in E^. 


2. Preliminaries 

We consider the pseudo-Euclidean 4-dimensional space E 2 endowed with the canonical 
pseudo-Euclidean metric of index 2 given in local coordinates by 

go = dx\ + dx\ — dx\ — dx\, 

where (xi, X 2 , X 3 , X 4 ) is a rectangular coordinate system of E^. As usual, we denote by (,) 
the indehnite inner scalar product with respect to go. 

A vector v is said to be spacelike (respectively, timelike) if (u, u) > 0 (respectively, 
(u,u) < 0). A vector v is called lightlike if it is nonzero and satishes (u,u) = 0. 

A surface Mf in E 2 is called Lorentz if the induced metric g on Mf is Lorentzian. So, at 
each point p G Mf we have the following decomposition 

E^ = TpM^ © NpM^ 

with the property that the restriction of the metric onto the tangent space TpMf is of 
signature (1,1), and the restriction of the metric onto the normal space NpM‘1 is of signature 
( 1 , 1 )- 

We denote by V and V' the Levi Civita connections of Mf and E 2 , respectively. For 
vector helds x, y tangent to Mf and a vector held ^ normal to M^, the formulas of Gauss 
and Weingarten, giving a decomposition of the vector helds and into tangent and 
normal components, are given respectively by [ 2 ]: 

^'xV = ^xy + (j{x,y)-, 

V'x^ = -A^x + 

These formulas dehne the second fundamental form a, the normal connection D, and the 
shape operator with respect to For each normal vector held the shape operator A^ 
is a symmetric endomorphism of the tangent space TpMl at p E M^. In general, A^ is not 
diagonalizable. It is well known that the shape operator and the second fundamental form 
are related by the formula 

{^{x,y),0 = {^iX,y) 

for X, y tangent to and ^ normal to Mf. 

The mean curvature vector held H of Mf in Eo is dehned as H = - ti a. The surface 

1 2 2 

Mf is called minimal if its mean curvature vector vanishes identically, i.e. iL = 0. A 
natural extension of minimal surfaces are quasi-minimal surfaces. The surface Mf is called 
quasi-minimal (or pseudo-minimal) if its mean curvature vector is lightlike at each point, 
i.e. H ^ 0 and {H, H) = 0 [29]. Obviously, quasi-minimal surfaces are always non-minimal. 
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A normal vector field ^ on Mf is called parallel in the normal bundle (or simply parallel) 
if = 0 holds identically |T3]. The surface Mf is said to have parallel mean curvature 
vector field if its mean curvature vector H satisfies DH = 0 identically. 

Surfaces for which the mean curvature vector H is non-zero and there exists a parallel 
unit vector held b in the direction of the mean curvature vector H, such that b is parallel in 
the normal bundle, are called surfaces with parallel normalized mean curvature vector field 
[3]. It is easy to see that if Mf is a surface with non-zero parallel mean curvature vector 
held H (i.e. DH = 0), then Mf is a surface with parallel normalized mean curvature vector 
held, but the converse is not true in general. It is true only in the case ||i^f|| = const. 

A submanifold Mf of a pseudo-Riemannian manifold is called totally geodesic if the 
second fundamental form a of Mf vanishes identically. It is called totally umbilical if its 
second fundamental form satishes a{x, y) = (x, y) H for arbitrary vector helds x, y tangent 
to Mf. 


3 . WEINGARTEN map of a LORENTZ SUREACE in E2 

Let Mf : z = z{u,v), {u,v) ^ T> {T> <Z M^) be a local parametrization on a Lorentz 
surface in E^. The tangent space TpM"^ at an arbitrary point p = z{u., v) of is spanned 
by the vector helds Zu and z^. We assume that {zu,Zu) > 0 and {zv,zfi) < 0. Hence the 
coefficients of the hrst fundamental form of Mf are E = {zu, Zu), F = {zu, z^), G = {z^, zfi), 
where E > t) and G < 0. We denote W = \/\EG — F‘^\. 

We consider a normal frame held {ni, 17,2} satisfying the conditions (ui, ni) = 1, (ui, 772) = 
0, {n2,n2) = —1. Then we have the following derivative formulas: 

V^^Zu = Zuu = ^\iZu - Tl^^Zy + c\pni - c‘l^n2 

( 1 ) = Zuv = ^uZu - + cl^ni - C?2’^2 

Vz^Zy = Zyy = - ^l2Zv + cl^ni - c|2n2, 

where Th are the Christohel’s symbols and the functions cf^-, i, j,k = 1,2 are given by 

cli = {zuu,ni)-, cl^i^ = {Zuu,n2)-, 
c\2 = {zuv,ni)-, CI 2 = {Zuv,n2)-, 

^22 ^Zyy,nfij, C22 ) 7I2) . 

Obviously, if = 0, i,j, k = 1,2 then is totally geodesic and hence, the surface Mf 
is an open part of a pseudo-Euclidean linear subspace of E2, i.e. Mf is part of a 2 -plane. 
So, we assume that at least one of the coefficients cf. is not zero. 

It follows from ([T]) that 

a{zu,Zu) = c\^ni - cl^n2, 

(2) ^ zfij = c\ 2 ni - cl 2 n 2 ] 

a{z^,zfi) = Cl2ni - 0 ^ 2 712• 

Using ck we introduce the following functions: 










^11 

^12 

; A2 = 

^11 

^22 

; As = 

^12 

^22 

^2 

^2 


^2 

^2 


^2 

^2 

^11 

^12 


^11 

^22 


^12 
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r/ ^ T\/r/ ^ ^ 2A3 

= -Fir; = -^• 


Let 


W ’ 
u = u{u, v)] 


{u,v) ev, v c 


be a smooth change of the parameters {u, v) on with J = UuVy — UyVa ^ 0. Then 


( 3 ) 


Zu Zy Uy Zy Vy^ 

Zy Zy Uy Zy Vy . 


li E = {zy, Zy), F = {zy, Zy) ancl G = {zy, Zy), then we get 

E = u\E + 2 UyVy F + n? G, 

F = UyUy E + {UyVy T VyUy) F + VyVy G, 

G = u^E + 2 UyVy F + G 

and hence, EG — F^ = J'^ {EG — F^), W = eJW, where e = sign J. 

Further we calculate the functions ch which take part in the following equalities: 

(T{zy,Zy) = c\^ni - ns; 

(4) a{zy,Zy) = cl^ni - cj2n2; 

a(zy, Zy) = C 22 ni - C 22 ns- 


Using (E]), ([3]), and (01) we find 

Cn = ul c\^ + 2uy Vy ^2 + vl 0^2, 

c\2 = Uy Uy + {Uy Vy F Uy Vy) F Vy Vy = 1 , 2) , 

42 = F 2Uy Vy ^2 + vl 0^2- 

and hence 

^1 = J {ul Ai F Uy Vy As F vl Ag); 

As = J ( 2 n^i Uy Ai F {uy Vy F Uy Vy) As F 2 vy Vy A3); 

A3 = J {ul Ai F Uy Vy As F vl A3). 

Thus we find that the functions L, M, N are expressed as follows: 

L = e{ul L F 2 uuVyM + vl N), 

M = e{UyUy L F {UyVy F VyUy) M F VyVy N), 

N = e{ulL + 2 UyVy M + vlN). 

Hence, the functions L, M, N change in the same way as the coefficients of the first 
fundamental form E, F, G under any change of the parameters on Mf. 

If we take a vector field X G TpMf, such that X = Xzy F fiZy = Xzy F fiZy, then 
A = UyX F Uyji, /z = VyX F Vyft. So, for each two tangent vector fields Xi = XiZy F fJ^iZy 
and As = X2Zy F /12F we can consider the quadratic form with coefficients L, M, N and we 
have the following equality: 
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LA 1 A 2 + M{\i^2 + N— £ {L\iX2 + jAf(Ai/i 2 + ^ 1 X 2 ') + N^ 1 ^ 2 )- 

The last formula allows us to define second fundamental form // of the surface Mf at 
p G Ml as follows. Let X = Xzu + {X, p) 7 ^ (0,0) be a tangent vector at a point 

p G Ml. Then 

//(A, /i) = LX^ T ‘IMXpi T N, A, /i G M. 

Further we will show that the functions L, M, N do not depend on the choice of the 
normal frame of the surface. Let {hi,n 2 } be another normal frame held of Ml, such that 
{ni,ni) = 1, (^ 1 ,^ 2 ) = 0, (^ 2 , 712 ) = ~1- The relation between the two normal frame helds 
is given by 

77-1 = £'(cosh6*hi + sinh0h2); 

~ ~ e' = ±1 

77-2 = £'(sinh 0 ?7i + cosh 0 772 ), 

for some smooth function 6, and the relation between the corresponding functions and 
hj,k = 1,2 is 

cL = £'(cosh 6 cjj — sinh 6 cl^); 

cfj = e '{-sinh 9 cb + cosh 9 cA), 

Thus, Aj = Aj, i = 1,2,3, and L = L, M = M, N = N. So, the functions L, M, N do 
not depend on the normal frame of the surface. 

Hence, the second fundamental form // is invariant up to the orientation of the tangent 
space or the normal space of the surface. 

Such a bilinear form has been considered for an arbitrary 2-dimensional surface in a 4- 
dimensional affine space (see for example [DEZIEI]). Here we use this form for Lorentz 
surfaces in E 2 and taking into consideration also the hrst fundamental form we develop the 
theory of Lorentz surfaces similar to the theory of surfaces in and E^. 

It follows from formulas ([2]) that the condition L{u, v) = M{u, v) = N{u, v) = 0, {u, v) G 
V characterizes points at which the space {a{x,y) ■. x,y E TpMl} is one-dimensional. We 
call such points flat points of the surface since they are analogous to flat points in the 
theory of surfaces in In [27] and [28] such points are called inflection points. E. Lane 
has shown that every point of a surface is an inflection point if and only if the surface is 
either developable or lies in a 3-dimensional space m So, further we consider surfaces 
free of flat points, i.e. we assume that (L, M, N) 7 ^ (0,0, 0). 

The second fundamental form II determines a map of Weingarten-type 7 : TpMl —)■ 
TpMl at any point of Ml in the standard way: 

= jIzu + jIz^, 

= 72^u + 72^v, 

where 

^^_FM-GL ^.^_FL-EM ^^_FN-GM _ FM - EN 
“ EG-E^ ’ “ EG - F^ ' “ EG-F^ ’ “ EG - F^ ' 

The linear map 7 is invariant under changes of the parameters of the surface and changes 
of the normal frame held. In general, 7 is not diagonalizable. 

As in the classical differential geometry of surfaces the map 7 generates the following 
invariants: 
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, , LN -M^ 1 EN + GL- 2FM 

= 2 (EG-F^) 

The functions k and x are invariant under changes of the parameters of the surface and 
changes of the normal frame held. Next we shall prove the following: 

Proposition 3.1. The function x is the curvature of the normal connection of the surface 

Ml 

Proof: The curvature tensor of the normal connection D is given by 

R-^{x, y)n = D^Dyn - DyD^n - D[a;,y]n, 

where x, y are tangent vector helds and n is a normal vector held of Mf. The curvature of 
the normal connection at a point p G is dehned by {R-^{x, y)n 2 , ni), where {x, y, ni, 112 } 
is a right oriented orthonormal quadruple. 

Without loss of generality we assume that F = 0 and take x, y to be the unit vector helds 

in the direction of Zu and Zy, i.e. x = -^=, y = ~~f==- Let {ni,n 2 } be a normal frame 

v E v —G 

held such that (ni,ni) = 1, = 0, ( 772 , 772 ) = —1. Denote by Ai (resp. A 2 ) the shape 

operator corresponding to ?7i (resp. 772 ). 

Since the curvature tensor R' of the connection V' is zero, we have 

- V'yV^ni - Vly^ni = 0 . 

Therefore the tangent component and the normal component of i?'(x, y)ni are both zero. 
The normal component is D^DyUi — DyD^Ui — D[a, ,^]77i — a{x, Ai{y)) + aiy, Ai{x)). Hence, 

D^DyUi - DyD^ni - Di^^y]ni = a{x, Ai{y)) - a{y, Hi(x)). 

The left-hand side of the last equality is R^{x,y)ni. Then 

(5) (i?-^(x,7/)?7i,772) = {a{x,Ai{y)),n 2 ) - {a{y, Ai{x)),n 2 ) = {{A 2 o Hi - Hi o A 2 ){y),x). 

Further we consider the operator H 2 o Hi — Hi o H 2 . For the second fundamental tensor 
a we have: 


/ \ ^11 ^11 

a{x,x) = — 77i - — 772, 


( 6 ) 


a(x,y) = 


A 

^12 


c 


ni - 


12 


^f^EG V^EG 


772 


..1 


( \ ^22 I ^22 

ni + n2 


Using the last formulas we calculate the vector helds Hi(x), Ai{y), H 2 (x), A 2 {y) and 
obtain: 


ni 


( 7 ) 


Mx) = ^ ^ 


n 2 


m 


A{y) = 


^12 


A^eg 

^22 

^ + “FT ?/) 


A2{x) = ^ X 


'12 


yf^EG G 


A{y) = 


A 

H 2 


yf^EG 
, (?22 

x + ^y. 


y/^EG G 



YANA ALEKSIEVA, GEORGI GANGHEV, VELIGHKA MILOUSHEVA 


Taking in mind ([7]) we get: 

(^2 o Ai — Ai o A2){x) 
{A2 o Ai- Aio A2){y) 


E^J^^EG 


+ 


^ 12^22 

G^/^EG 


y = 


EN + GL 


2EG 


■?/; 


A A 


A A 

G 1 G 2 


EA^^EG 


+ 


A A 

'-12'-22 


Cl o C' 


12^22 


Gy/^EG 


X = 


EN + GL 


2EG 


■ X. 


Hcncc 

{A 2 oAi-Aio A2 ){x) = -xy, 
{A2 o v 4 i - Ai o A2){y) = -XX. 
The last eqnalities imply that: 

((A 2 O Ai - Ai O A2){x),y) = x; 
{{A20 Ai-Aio A 2 ){y),x) =-X. 


Note that A 2 o Ai — Ai o A 2 is an invariant skew-symmetric operator in the tangent space, 
i.e. it does not depend on the choice of the orthonormal tangent frame held {a:, y}. 
Finally, from ([5]) and (jH]) we get that |/)ni, 712 ) = —x. Conseqnently, 

{R^{x,y)n 2 ,ni) = x. 


□ 


The second fnndamental form determines conjngate tangents at a point p of Mf in the 
same way as in the classical differential geometry of snrfaces. 

Definition 3.2. Two tangents gi : Xi = XiZu + /ii^„ and §2 ■ X 2 = X 2 ZU + y 2 Zv are said to 
be conjugate tangents, if 

LA 1 A 2 -l- M(Xifi2 + ^2hi) + XIg 1^2 = 0. 

Asymptotic tangents and principal tangents can be dehned in the standard way: 

Definition 3.3. A tangent g : X = Xzu + gZy is said to be asymptotic, if it is self-conjngate. 

Definition 3.4. A tangent g : X = Xzu + gzy is said to be principal, if it is perpendicnlar 
to its conjngate. 

The eqnation of the asymptotic tangents at a point p G Mf is 

LA^ 2MXg + N= 0. 

The equation of the principal tangents at a point p G is 

(9) {EM - EL)X^ + {EN - GL)Xg + {EN - GM)g^ = 0. 

A line c : u = u{q), v = v{q)-, g G J C M on Mf is said to be an asymptotic line, 
respectively a principal line, if its tangent at any point is asymptotic, respectively principal. 

In the theory of surfaces in and the theory of spacelike surfaces in E^ equation ipj) 
always has solutions since the discriminant of ([9]) is greater or equal to zero. So, at each 
point of a surface in E^ (or a spacelike surface in E^) there exist principal tangents. For a 
Lorentz surface in E 2 the existence of solutions of equation ([9]) depends on the sign of the 
invariant x^ — k. Indeed, it can easily be seen that the discriminant D of ([9]) is expressed 
as 

D = A{EG-F^f{>A-k). 

In the case — A; > 0 at each point of the surface there exist two principal tangents. 
This case corresponds to the case when the map 7 is diagonalizable. If — /c > 0 we 
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can assume that the parametric lines of the surface are principal. It is clear that Mf is 
parameterized by principal lines if and only if F = 0, M = 0. 

Further we study Lorentz surfaces in for which — A: > 0 at each point. 


4. Lorentz surfaces free of flat points 

4.1. Minimal Lorentz surfaces. Let Mf be a Lorentz surface free of flat points, i.e. 
{L,M,N) 7 ^ (0,0,0). Using the terminology from the classical differential geometry of 
surfaces, we call a point p G M‘f umbilical if the coefficients of the hrst and the second 

fundamental forms at p are proportional, i.e. L = pE, M = pF, N = pG for some p G M. 

1 1 

The normal mean curvature vector held of the surface is LA = - trcr = - (cr(x, x) — y)). 

Recall that Mf is said to be minimal if the mean curvature vector if = 0. We shall prove 
the following characterization of minimal Lorentz surfaces in E^. 

Proposition 4.1. Let Mf be a Lorentz surface in E 2 free of flat points. Then Mf is 
minimal if and only if Mf consists of umbilical points. 


Proof: Without loss of generality we assume that F = 0 and take x, y to be the unit vector 


x/f’^ 


HI 


+ 


E G 


helds dehned by x = 
if and only if 

or equivalently, 

( 10 ) 


Now, if if = 0 then flTU]) implies 


. It follows from formulas ([6]) that cr(x, x) — a{y, y) = 0 


-22 


ni - 


^22 ~ 


-11 


22 


E ^ G 


n2 = 0 , 


G 

'f 


- 11 ) 


2 ^2 

^22 — ffii - 


A 2 = 0 ; 


A3 _ Ai 

"g “ “f ■ 

Therefore 

L = pE; M = pF- N = pG, 

where p is a function on Mf. Hence, all points of Mf are umbilical. 

Conversely, if L = pF; M = pF] N = pG, p 0, then the condition F = 0 implies 


that M = 0. Hence, 


^11 C22 

„2 2 

'-11 *-22 


= 0, and so there exists a function p such that C 22 = pc\i, 


C 22 = pc\i. Further, the equality — = — implies that p = — —. Hence, equalities flTOj) hold. 

EG E 

Consequently, trcr = 0, i.e. F = 0. 

□ 


The meaning of the above proposition is that in E 2 the Lorentz surfaces consisting of 
umbilical points are exactly the minimal surfaces. The complete classihcation of minimal 
surfaces in an arbitrary indehnite pseudo-Eucliden space E™ is given by B.-Y. Chen in the 
next theorem. 







10 


YANA ALEKSIEVA, GEORGI GANGHEV, VELIGHKA MILOUSHEVA 


Theorem 4.2. [15] A Lorentz surface in a pseudo-Euclidean m-space E™ is minimal if and 
only if, locally the surface is parametrized by 

z{u, v) = a{u) + fd{v), 

where a and I3 are null curves satisfying {a'{u), jd'{v)) ^ 0. 

Further, we consider surfaces free of umbilical (minimal) points. Note that if p G Mf is a 
non-umbilical point and > 0 , then there exist exactly two principal tangents passing 

through p. We assume that is parameterized by principal lines, i.e. F = 0 and M = 0, 
and suppose that the principal tangents Zu and Zy are spacelike and timelike, respectively. 

Consider the unit tangent vector helds x and y defined by x = — y = , ^ , i.e. x and 

v E y—G 

y are collinear with the principal directions. The condition M = 0 implies that a{x, x) and 
a{y, y) are collinear. So, there exists a geometrically determined normal vector field n such 
that 

cr(x, x) = UiU 
= ^2n, 


where Pi and P 2 are functions on Mf. Hence, the mean curvature vector held H is expressed 
as follows: 


We have the following possibilities for the mean curvature vector held: 

• H is spacelike, i.e. {H, H) > 0; 

• H is timelike, i.e. {H, H) < 0; 

• H is lightlike, i.e. {H, H) = 0. 

If the mean curvature vector is lightlike at each point, i.e. H ^ 0 and {Ef, H) = 0, the 
surface Mf is guasi-minimal. In what follows we study surfaces free of minimal points and 
such that the mean curvature vector H is either spacelike or timelike at each point. We 
call such surfaces Lorentz surfaces of general type. 


4.2. Lorentz surfaces whose mean curvature vector at each point is a non-zero 
spacelike vector. In this subsection we consider the case {H, H) > 0. In order to obtain a 
geometrically determined frame held at each point p of Mf, we denote by b the unit normal 

vector held dehned by 6 = — , Note that {b,b) = 1 and b is collinear with a(x,x) 

ywim 

and a{y,y). Further we consider the unit normal vector held I such that {x,y,b,l} is a 
positively oriented orthonormal frame held in E^. So, {1,1) = —1. In such a way we obtain 
a geometrically determined moving frame held at each point of the surface. With respect 
to this frame held the following formulas are true: 

(t{x, x) = Pi b] 

(t{x, y) = \ b — pi] 

(^{y,y) = T^2b, 


where pi,P 2 ,X, p are functions on Mf determined by the geometric frame held as follows: 
Pi = {a{x,x),b), P 2 = {a{y,y),b), A = {a{x,y),b), p = {a{x,y),l). 
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Now with respect to the geometric frame held {x, y, b, 1} we have the following Frenet-type 
derivative formulas of 


V^x= - 7 i?/+ 

V'xV = -71 X + \h- 
V^x = -72?/+ A 6 - 

y'yV = -72 X + z/2 

where 71 = —y{\n\fE) = (V^x,i/), 
P2 = {Vyb,l). 

The mean curvature vector held is 


Vxb=—i'iX + Xy — f3il, 

yl, Vyb =-Xx + i'2y -/d2^ 

/i/, V^/= fiy-Pib, 

Vyl = -yx - /?2 

72 = -x(ln\/^) = {V'yX,y), / 3 i = (V'xbJ) and 
expressed as 


H 



b. 


4.3. Lorentz surfaces whose mean curvature vector at each point is a timelike 
vector. In this subsection we consider the case {H, H) < 0. Now we set the unit normal 

vector held 6 to be 6 =- In this case we have {b,b) = —1. Taking the normal 

unit vector held I in such a way that {x, y, I, b} be a positively oriented orthonormal frame 
held in E 2 , we get a geometrically determined orthonormal frame held at each point of the 
surface. Note that (1,1) = 1. The Frenet-type derivative formulas of the surface look as 
follows: 


( 12 ) 


V'xX = 

-liv 

- ^ib, 

v'/ = 

Hy + / 3 ib, 

<1 

-71 X -h 

fil — X b, 


-jJ, X + /?2 b, 

V'yX = 

-i 2 y + 

yl — Xb, 

<1 

0- 

—vi X + Xy + I 3 il, 

<1 

-I2X 

- i^ 2 b, 

<1 

—Xx-\-1^2 y^x 132 1 - 


where z/i, 1/2, A, /x, 71, 72, /9i, /32 are determined by the geometric moving frame held in 
the same way as in the previous case. In this case the mean curvature vector held H is 
expressed by the formula 


4.4. Fundamental theorem for Lorentz surfaces of general type. The general fun¬ 
damental existence and uniqueness theorems for submanifolds of pseudo-Riemannian man¬ 
ifolds are formulated in terms of tensor helds and connections on vector bundles (e.g. [T4] . 
Theorem 2.4 and Theorem 2.5). In [23] we formulated and proved a fundamental theorem 
in terms of the geometric functions of a spacelike surface in whose mean curvature vec¬ 
tor at any point is a non-zero spacelike vector or timelike vector. In [23] we proved the 
fundamental existence and uniqueness theorem for marginally trapped surfaces in terms of 
their geometric functions. Here we shall formulate and prove the fundamental existence and 
uniqueness theorem for Lorentz surfaces in E 2 of the general class. This theorem is a special 
case of the general fundamental theorem but in the present form it is more appropriate and 
easier to apply. 
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The Frenet-type formulas given in ffTTl) and flT^ for the case of spacelike and timelike 
mean curvature vector held, respectively, can be unihed as follows: 


(13) 


V(,x = -7i y + euib, 

V(,?/ = - 7 ix +eXb-eyl, 

= -'y2y + £ Xb-e I 

V' 2 / = -72 X +euib, 


V'^b=—i'ix + Xy —e/Sil, 

Vyb=-Xx + iy2y 
VJ= /i 2/ - e /3i 6, 

V'yl = —y X - £ f32b, 


where e = 1 in the case {H, H) > 0 and e = —1 in the case (if, H) < 0. In both cases 
b = , ; {b, b) = £] {1,1) = -£■ {b, 1) = 0 . 

V 

Taking into account that R'{x, y, x) = 0, R'{x, y, y) = 0, R'{x, y, b) = 0, and using 
derivative formulas (1T3|1 we get the following integrability conditions: 


(14) 


2y^2- £Xj 3 i + £Pij 32 = x{y); 

2y^i + £P2l3i- £X^2 = 2 /(Ai); 

2X-f2- £ yPi- (z 2 i + z/2)7i = x(A) - yi^i); 

2 A 71 - - (z 2 i + z/2)72 = -x{iy2) + 2 /(A); 

7i /3i - 72 (^2 + (z 2 i + 1 ^ 2 ) y = -x{(32) + 2/(/?i); 

£{X^ - /i^ - z/i z/ 2 ) = x( 72 ) - 2 /( 71 ) + ( 71 )^ - ( 72 )^- 


Z Z 

Having in mind that x = —2/ = , ^ , we can write the integrability conditions in 

V E y —G 

the following way: 

2/1 72 — £ A /3i + e 1^1 /^a = 


2 /i 7i + e i^a /3i — £ A /^a — 




jXv) 


1 1 

2A 72 - e /i /?i - {vi + V 2 ) 7i = 

2A71 - e/i/?2 - {vi + t^2) 72 =- 7^ {^2)u + -7= ^v; 


Ve 




7 i Pi — 'I2P2 + {1^1 +1^2) y — {P'iiu + ^^ {Pi)v] 

£{>P ^2) = ( 72 )n - hl)v + (71)^ - (72)^- 

It is clear that if /!„ y^ 7 ^ 0, then we can express the functions y/E and y/—G in the 
following way: 


Ve = 


l^'U 


2y 72 — ^ A /3i + £ /^a 




f^V 


2/17i + e 1/2 /3i - £ A /da 

The condition /i„ /i^ 7 ^ 0 is equivalent to (2/i 72 — £ A /3i + £ z/i /^a) (2/i 71 + e z /2 /3i — e A /da) 7 ^ 0 . 
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Now we shall prove the following Bonnet-type theorem for Lorentz surfaces in E^. 

Theorem 4 . 3 . Let 71, 72, pi, 1^2, A, /i, /3i,/32 be smooth funetions, defined in a domain 
V, C and satisfying the eonditions 


2 ^ 72 - £ A /?! £ Z/i /32 

_ ^ _> I 

2/i 7i -f- £ Z/2 /3i — £ A /32 
= {^/EU 

-72^^^ = (y^)n; 


2A 72 - £ /I A - (Pi -h P 2 ) 71 = A„ - 


2A 7i - £ yu /32 - (Pi + P 2 ) 72 = 




7i /3i — 72 /^2 + (pi + P 2 ) h — (/^ 2 )« + ^ (/5i)d; 

£(A2 - _ 12 ^ 122 ) = (72)n - hl)v + ( 71 )^ - ( 72 )^- 

where ^/E = - -= R- ^^ -TT-' ^ 0 } 

2/i 72 — £ A Pi -|- £ z/i /i )2 2p 7i “I" ^ ^2 Pi ~ £ A P 2 

6e an orthonormal frame at a point Pq G E 2 (with {bo,bo) = e; {lo,lo) = —e; (bofio) = 
Q). Then there exist a subdomain Vq C V and a unique Lorentz surfaee Mf : = 

z{u,v), {u,v) G Vo, whose mean curvature vector at any point is a non-zero spacelike 
vector if e = 1 , or timelike vector if e = — 1 . Moreover, Mf passes through po, the func¬ 
tions ji, 72 , Pi, 1 ^ 2 , A, p, fii, (32 Ojre the geometric functions of Mf and {xq, yo, bo, lo} is the 
geometric frame of Mf at point po- 


Proof. We consider the following system of partial differential equations for the unknown 
vector functions x = x{u, v), y = y{u, v), b = b{u, v), I = l{u, v) in E|: 


Xu = {-hV + evib)\fE 
yu = (—71 x-|-£A 6 — £p 1)\/E 
bu = (-Pi X + Xy - e fii 1 )\/E 

lu = {tv - ^ b)\/E 


Xu = {—'12 y e \b — e ial)\/—G 

Vv = (-72 T -f £ J ^2 b)y/^ 

bv = {-Xx + iy2y - e (32 l)\/-G 
Iv = (—P X — e (32 b)\/—G 


We denote 


B = 



( 0 

-7i 

£ l>i 


-71 

0 

£ A 

-Pi 

A 

0 


V 0 

p 

-e(3i 

0 

-72 

£ A 

—£ p 

-72 

0 

£P2 

0 

-A 

P2 

0 

—^ (32 

-P 

0 

—£ (32 

0 
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Using matrices A and B we can rewrite system fll 6 l) in the form: 


( 17 ) 


Zu — AZ; 
Zy = B Z. 


The integrability conditions of system ffT7|) are 


7 — 7 


i.e. 

( 18 ) 


da!l 

dv 


du 


4 

+ - H aj) = 0 , i,k = l, 

i=i 


where and are the elements of the matrices A and B. Using fflSj) we obtain that 
equalities flT 8 |) are fulhlled. Hence, there exist a subset Vi gV and unique vector functions 
X = x{u,v), y = y{u,v), b = b{u,v), I = l{u,v), {u,v) G Vi, which satisfy system ffT6|) and 
the initial conditions 


xiuo,vo) = Xo, yiuo,vo) = yo, b{uo,vo) = bo, l{uo,vo) = Iq. 

We shall prove that the vectors x{u, v), y{u, v), b{u, v), l{u, v) form an orthonormal frame 
in E 2 for each {u, v) G Pi. Let us consider the following functions: 

(fi = {x,x) -1] ip 5 = {x,y)-, ifs = {y,b)-, 

<^2 = ( 2 /, 2 /) + 1 ; (po = {x,b)-, ipg = {y,l)-, 

ifo = {b,b) - e; (fj = {x,l); ipw = (bj); 

(fi = 0 + 

defined for {u,v) G Pi. Since x{u,v), y{u,v), b{u,v), l{u,v) satisfy (fT 6 |) . for the derivatives 
of Lpi we obtain the following system: 

d^i 


du 

d^pi 

dv 








where al, (31, z, j = 1, ..., 10 are functions of {u, v) G Pi. This is a linear system of partial 
differential equations for the functions (pi{u,v), i = 1,..., 10, {u,v) G Pi, satisfying the 
initial conditions (pi{uo,vo) = 0, i = 1,...,10. Hence, ipi{u,v) = 0, i = 1,..., 10 for 
each {u, v) G Pi. Consequently, the vector functions x{u, v), y{u, v), b{u, v), l{u, v) form an 
orthonormal frame in for each {u, v) G Pi (with {b, b) = e; {1,1) = —e; (b, 1) =0). 

Now we consider the following system of partial differential equations for the vector 
function z = z{u,v)\ 


(19) 


Zu = \fEx 

Zy = \/^y 


By the use of flT^ and flTOl) we get that the integrability conditions Zuv = z^u of system flT^ 
are fulfilled. Hence, there exist a subset Pq C Pi and a unique vector function z = z{u, v), 
defined for {u, v) G Pq and satisfying z(tto, Vq) = Po- 

Consequently, the surface Mf : z = z{u,v), {u,v) G Pq satisfies the assertion of the 
theorem. 

□ 
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5. Basic classes of Lorentz surfaces characterized in terms of their 

GEOMETRIC FUNCTIONS 

Further we shall give expressions for the Gauss curvature K and the invariant functions 
k and x. 

We use that for pseudo-Riemannian submanifolds the Gauss curvature is given by the 
following formula: 

^ ^ (a(x, x), a{y, y)) - {a{x, y), a{x, y)) 

{x,x){y,y) - {x,yy 

Since {x,x) = 1, {y,y) = —1, {x,y) = 0, from flT3l) we get the following expression for the 
Gauss curvature: 

( 20 ) K = - PiV2)- 

The curvature of the normal connection is expressed in terms of the geometric functions 
/X, z/i, and 1^2 by the next formula: 

(21) X =/x(z/i + z/ 2 ). 

The invariant function k, generated by the Weingarten map 7 according to the formula 

, , LN -M'^ 

k = det 7 = ——- —5-, is expressed as 

EG — 

(22) k = 4:y^viV2- 

Since we consider Lorentz surfaces for which x^ — A; > 0, equalities fl 2 ip and fl 22 p imply 
that y ^ Q and vi 7 ^ 1 / 2 - 

The next statements follow directly from formulas fl20l) and fl2Tl) . 

Proposition 5.1. Let Mf be a Lorentz surface of general type in Then is flat if 
and only if — yf = ^ 1 ^ 2 - 

Proposition 5.2. Let Mf be a Lorentz surface of general type in E^. Then Mf has constant 
Gauss curvature if and only if — yf — 1 / 11/2 = const. 

Proposition 5.3. Let be a Lorentz surface of general type in E^. Then is of flat 
normal connection if and only if i/i + 1/2 = 0. 


Proposition 5.4. Let Mf be a Lorentz surface of general type in E^. Then Mf has constant 
normal curvature x if and only if y{i/i + 1 / 2 ) = const. 


Now we shall characterize some basic classes of surfaces satisfying special conditions on 
the mean curvature vector held. It follows from fll3l) that the mean curvature vector held 
H is expressed by the formula: 


(23) 


H 


g(G - ^ 2 ) ^ 
2 


Hence, the length of the mean curvature vector held is: 


\H\\ = e^\{H,H)\ = e^ 


fll - P2 


Proposition 5.5. Let Mf be a Lorentz surface of general type mEg. Then Mf has non-zero 
constant mean curvature if and only if Pi — V 2 = const 7 ^ 0 . 
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Using fl2^ and ffT^ we get that 

D^H = ex ( — - — jb - - — A /; 

DyH = ey ( —-— \b -^ 

The last equalities imply that H is parallel in the normal bundle (i.e. DH = 0 holds 
identically) if and only if /5i = /^a = 0 and — z^a = const. So, the next statement holds 
true. 

Proposition 5.6. Let Mf be a Lorentz surface of general type in E^. Then Mf has parallel 
mean curvature vector field if and only «/ /5i = /3a = 0 and ui — 1^2 = const. 


The geometric meaning of the invariant A is connected with the notion of allied mean 
curvature vector held dehned by B.-Y. Chen for submanifolds of Riemannian manifolds. 
Let M be an n-dimensional submanifold of {n + m)-dimensional Riemannian manifold M 
and be a normal vector held of M. The allied vector field a{^) of ^ is dehned by the 
formula 

«K) = —y'{trGi°.4,)}&, 

n 

k=2 


where {^1 = ^ 2 , ■ ■ ■, f,m} is an orthonormal base of the normal space of M, and Ai = 

, z = 1,..., m is the shape operator with respect to ^j. In particular, the allied vector 
held a{H) of the mean curvature vector held H is called the allied mean curvature vector field 
of M in M [2]. B.-Y. Chen dehned the Al-submanifolds to be those submanifolds of M for 
which a{H) vanishes identically. The Al-submanifolds are also called Chen submanifolds. It 
is easy to see that minimal submanifolds, pseudo-umbilical submanifolds and hypersurfaces 
are Chen submanifolds. These Chen submanifolds are said to be trivial Al-submanifolds. 

The notion of allied mean curvature vector held is extended by S. Haesen and M. Ortega 
to the case when the normal space is a two-dimensional Lorentz space [26] . 

In the following proposition we characterize non-trivial Chen surfaces in E^. 


Proposition 5.7. Let Mf be a Lorentz surface of general type in E^. Then Mf is a non¬ 
trivial Chen surface if and only if X = 0. 


Proof. Let be a Lorentz surface of general type in E 2 and { 6 , /} be the geometric 
normal frame held dehned in Section 01 The allied mean curvature vector held is given by 
the formula 

(24) a{H) = o Ai)}l, 

where A^ and Ai are the shape operators corresponding to b and I, respectively. Using 
equalities flT^ we obtain 

Ab{x) = izix - Xy; Ai{x) =-fiy; 

Ab{y) = Xx - U 2 y; Ai{y) = y.x. 


Hence, tr(Hb o Ai) 


—2Xfi. Now applying fl24|) and using 

Wi - w 


, we get 


a{H) = -e^ 


-X pL 1. 


2 
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Since /i 7 ^ 0 and vi 7 ^ z/ 2 , we conclude that a{H) = 0 if and only if A = 0. This gives the 
geometric meaning of the invariant A: is a non-trivial Chen surface if and only if the 

geometric function A is zero. 

□ 

6 . Lorentz surfaces with parallel normalized mean curvature vector 

EIELD 

In this section we shall focus our attention on a special class of Lorentz surfaces in E 2 , 
namely surfaces with parallel normalized mean curvature vector field. 

Let Mf be a Lorentz surface of general type. In the previous section we proved that the 
mean curvature vector field H is parallel if and only if /di = /32 = 0 and vi — P2 = const. 
Now we shall consider the class of surfaces satisfying the conditions /3i = /32 = 0. It follows 
from (lT3l) that /3i = /32 = 0 if and only if D^b = Dyb = 0 (or equivalently, D^l = Dyl = 0). 
Since 6 is a unit normal vector field in the direction of the mean curvature vector field, 
the conditions /9i = /92 = 0 characterize surfaces with parallel normalized mean curvature 
vector field. Hence, we have the following statement. 

Proposition 6.1. Let Mf be a Lorentz surface of general type in E^. Then Mf has parallel 
normalized mean curvature vector field if and only if fti = [32 = 0. 

Note that the condition to have parallel normalized mean curvature vector held is weaker 
than the condition to have parallel mean curvature vector held. In what follows we shall 
study Lorentz surfaces with parallel normalized mean curvature vector held, but not with 
parallel mean curvature vector held, i.e. (3i = P 2 = 0, ||i/|| 7 ^ const. For these surfaces we 
shall introduce canonical parameters. 

Definition 6.2. Let Mf be a Lorentz surface of general type with parallel normalized mean 
curvature vector held. The parameters [u, v) of Mf are said to be canonical, if 



Theorem 6.3. Each Lorentz surface of general type with parallel normalized mean curva¬ 
ture vector field in E| locally admits canonical parameters. 

Proof. Using the Gauss and Codazzi equations, from flT^ we obtain that the geometric 
functions 71, 72, vi, 1^2, A, p., / 3 i, (32 of the surface satisfy the integrability conditions given 
Putting / 3 i = /32 = 0 in ffTTj) . we get 

2^72 = x{py, 

2^71 = 2/(h); 

2A72 - (Pi + P2) 7 i = x{\) - y{TZi)-, 

2A71 - {ui + 1^2)72 = -t(p 2 ) + 2 /(A); 

(Pi + 1^2) P = 0; 

^(A^ - -ni P2) = ^(72) - 1/(71) + (71)^ - (72)^- 

second equalities of fl 25 l) imply 71 = ^y{ln\p\), 72 = ^x{\n\p\). On 

7i = —y{\n'/E), 72 = —x(ln y/—G). Hence, x(ln |p|(—G)) = 0 and 
?/(ln \p\E) = 0 , which imply that E\p\ does not depend on v, and G\p\ does not depend on 
u. Hence, there exist functions (p{u) > 0 and fj^v) > 0 , such that 

E\p\=ip{u)-, -G\p\='i/j{v). 


in formulas fllT)) . 


( 25 ) 


The hrst and 
the other hand. 
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Under the following change of the parameters: 

pu 

u= ^/ip{v) du + uq = const 

JUQ 

pv 

v= dv + Vq, Vq = const 

J VO 

we obtain 



which imply that the parameters (n, v) are canonical. 


□ 


It is clear that the canonical parameters are determined locally np to an orientation. 

Proposition 6.4. Each Lorentz surface of general type with parallel normalized mean cur¬ 
vature vector field in E 2 is a surface with flat normal connection. 

Proof. If Mf is a Lorentz snrface of general type with parallel normalized mean cnrvatnre 
vector held, then formulas (I2SD hold. Since ja 0, from the hfth equality of we get 
that + z /2 = 0. Hence, the normal connection of the surface is x = 0, i.e. Mf is a surface 
with hat normal connection. 

□ 

Now let : z = z{u,v), {u,v) G P be a Lorentz surface of general type with parallel 
normalized mean curvature vector held and {u, v) be canonical parameters. Since zzi + 1^2 = 
0, we denote n := ui = —U 2 . The functions 71 and 72 are expressed as follows: 

7i = ^2/(ln |/i|) = (vM)^ ; 72 = ^a;(ln |/i|) = (vTR)^ • 

The third and fourth equalities of fl25|) imply the following partial diherential equations for 
the functions A, /i, and iz: 

iZu A|, -|- A(ln 1^1)^, 
i'v = K - A(ln |/i|)„. 

The last equality of fl2B|) implies 

£(A2 -= l|/i|A^ln|/i|, 

q2 q2 

where = 7 — — 7 — is the hyperbolic Laplace operator. 

OU‘^ ov^ 

The fundamental existence and uniqueness theorem for the class of Lorentz surfaces of 
general type with parallel normalized mean curvature vector held can be formulated in 
terms of canonical parameters as follows. 

Theorem 6.5. Let \{u,v), /i('u, n) and iz(u,v) be smooth functions, defined in a domain 
V, V GMf, and satisfying the conditions 

p 7 ^ 0 , p f const; 

= -K + A(ln 

A (In |p,|)^, 

+ = ^|/i|A'*ln|/i|. 
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If {^ 0 , 2 / 0 ) bo, ^o} is an orthonormal frame at a point pq e (with {bo,bo) = e; {IqJo) = 
—e; (boJo) = 0), then there exist a subdomain Vq C T> and a unique Lorentz surface 
Ml : z = (m, t) G Vq of general type with parallel normalized mean curvature 

vector field, such that Mf passes through pq, the functions X{u,v), p,{u,v), v{u,v) are the 
geometric functions of and {xq, yo, bo, Iq} is the geometric frame of Mf at the point 
Pq. Furthermore, {u,v) are canonical parameters of M'^. 

The meaning of Theorem 16.51 is that any Lorentz surface of general type with parallel 
normalized mean curvature vector field is determined up to a rigid motion in E^ by three 
invariant functions A, fi, v satisfying the following system of three natural partial differential 
equations: 

Pii A^, T A(ln 1^1),;, 
u„ = Xu- A(ln|yu|)„; 

£(A 2 -p 2 + j, 2 ) ^ l|^|A^ln|/i|. 


Remarks; 

• The introducing of canonical parameters on a Lorentz surface with parallel normal¬ 
ized mean curvature vector held allows us to minimize the number of invariants and 
the number of partial differential equations which determine the surface. This solves 
the problem of Lund-Regge for the class of Lorentz surfaces with parallel normalized 
mean curvature vector held. 

• With respect to canonical parameters the coefficients of the hrst fundamental form 
and the coefficients of the second fundamental tensor are expressed in terms of the 
invariants of the surface. 


Acknowledgments: The second and third authors are partially supported by the Na¬ 
tional Science Fund, Ministry of Education and Science of Bulgaria under contract DFNI-I 
02/14. 
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